The numerical method of soluti0n Of van de Vooren and Dijkstra [-1] for the semi-infinite flat plate has been extended to the case of the parabolic cylinder. Results are presented for the skin friction, the friction drag, the pressure and the pressure drag. The drag coefficients have been checked by means of an application of the momentum theorem.
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Introduction
The numerical solution of the Navier-Stokes equations for laminar, incompressible flow past a semi-infinite flat plate has been obtained by van de Vooren and Dijkstra [1] . Later, the numerical method of solution has been improved by Botta and Dijkstra [2] . An-important feature of both investigations is the use of parabolic coordinates which are known to be optimal for the flat plate. The natural extension of the flat plate to other body shapes is the parabolic cylinder, which is the object of the present investigation. The formulation has been chosen such that the flat plate solution arises as a special case of the procedure. The characteristic length of the parabolic cylinder is its nose radius and the Reynolds number R of the flow is based upon this length. The following three cases can be distinguished.
(i) R = 0. This case corresponds to the flat plate and has been solved in the investigations mentioned above.
(ii) R~ ~. This case corresponds to vanishing viscosity. The governing equations then are the boundary layer equations. A series expansion for the solution has been obtained by Van Dyke [31. A numerical solution of the boundary layer equations has been presented by Smith and Clutter [4] and also, in unpublished work, by Fannelop, see Van Dyke [3] .
(iii) 0 < R < oo. The governing equations are the full Navier-Stokes equations, It is the purpose of this paper to cover this range of Reynolds numbers by solving the full equations numerically, Obviously the solution must approach the boundary layer solution if R increases without limit and this appears to be the case for the solution obtained in this investigation.
By private communication we obtained a numerical solution of the same problem by Davis [5] , who solves the instationary equations and obtains the steady state solution by proceeding far enough in time. As for the space variables his method of solution agrees at several important points with the present method. By using a special boundary layer type approach during one time step followed by the treatment of the full equations in the next step, Davis' successful method produces an accurate solution in a small amount of computing time. His numerical results are compared with ours and good agreement is obtained.
By means of an application of the momentum theorem to an infinitely large circular contour we derive in sect. 9 an analytic expression for the total drag in terms of Blasius parameters. The formula which has been obtained can be seen as a generalization of Imai's result [61 for the flat plate, now extended to the case of the parabolic cylinder. The relation is used as a check for the numerical results. The deviation is within 2 ~ for the smallest mesh size used in the present investigation when solving numerically the system of partial differential equations.
The present problem has been solved also by Dennis and Walsh [13] . Their results for the skin friction at the nose are in good agreement with those of Davis and the present results. It is believed however, that for large values of the coordinates their solution is less accurate.
Governing Equations and Boundary Conditions
In the two-dimensional case the Navier-Stokes equations for an incompressible viscous fluid can be combined into one equation for the stream function ~, see e.g. Van Dyke [7] ,
where v is the kinematic viscosity, A is the Laplacian and the left-hand side denotes the Jacobian of ~ and AO. Let the infinite parabolic cylinder be given by the equation
where a > 0 denotes the nose radius of the parabolic cylinder. The generators of the cylinder are parallel to the z-axis, so that the problem is two-dimensional. The oncoming flow is uniform and parallel to the x-axis so that we can restrict our attention to the half plane y > 0.
If the nose radius a is set equal to 0 then the parabolic cylinder becomes the semi-infinite flat plate. The formulation of the problem has been chosen such that for a = 0 a correct description of the flat plate problem arises. In that case the final set of equations to be derived below becomes identical with the system obtained by van de Vooren and Dijkstra [1] in their flat plate investigation.
The boundary conditions for the two-dimensional flow past the parabola (2.2) are:
)
Here ~. denotes the normal derivative of ~ at the wall and U 0 is the velocity of the oncoming flow. The vorticity F is introduced by
where u and v are the velocity components. The equations (2.1)-(2.3) express the problem in terms of dimensional, rectangular coordinates and we now introduce non-dimensional parabolic coordinates and a non-dimensional stream function in the same way as in [1] , viz.
On parabolic coordinates the parabola (2.2) becomes
where R is the Reynolds number based upon the nose radius a. For a = 0 the Reynolds number R vanishes. Since the flow field occupies the region q > n0 in the plane of the parabolic coordinates, it is natural to introduce the coordinate (r/-t/o ) as a measure for the distance from the wall. This modified n-coordinate is denoted by 0:
Transformation of the Navier-Stokes equations (2.1) on the coordinates ~ and 0 yields 
The boundary condition F = 0 for ~ = 0 follows from symmetry. For a discussion of the behaviour of the solution at infinity see Veldman and Dijkstra [8] .
If a = 0 then ~/o = 0 and the equations (2.8) with boundary conditions (2.9) then describe the flat plate problem. For the case of the flat plate Carrier and Lin [-9] showed that the vorticity F is singular at the leading edge ~ = q = 0 = 0. To remove the singularity the modified vorticity K has been introduced, viz.
This is completely in analogy with van de Vooren and Dijkstra's approach [1] . Following their method, the next step is the introduction of the departures from the Blasius solution as follows :
(2.12)
The functions 7"1 and K 1 are bounded on the entire quadrant 4 > 0, 0 > 0. The Navier-Stokes equations for 7", and K, become
AO -a(7"~+4f,~)
where instead of (2.9) the boundary conditions are now completely homogeneous, namely A series expansion for the solution of (3.5) has been presented by Van Dyke [3] , whereas a numerical solution has been obtained by Smith and Clutter [4] . From these investigations we infer that the solution of the boundary layer equation (3.5) is a smooth function of the coordinates 2 and #1. This means that, for large values of R=2qo 2, the variables 2, #1 and 7~b are the appropriate quantities for the description of the flow field. We now carry over this result to the variables used in sect. 2.
Using eqs. (2.5), (2.6), (2.7), (3.1), (3.2) and (3.4) we obtain for the relation between the two coordinate systems (4, 0) and (2,/~):
From eqs. (2.5), (3.1) and (3.4) we infer that the relation between the stream functions is given by
Application of the operator of Laplace to this result yields for large values of R'
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where (2.8), (2.11) and (3.7) have been used. Finally the result for the departures from the Blasius solution (2.12) becomes
We conclude from these expressions that normalization of the functions T, and K ~ by means of the factor ~/R will result in quantities which are O (1) for R-+ oo. According to eq. (3.7) it is necessary to do the same with the i-coordinate. In order to incorporate the case R = 0 in the procedure the normalization factor has been set equal to
with ~ to be determined. and A= l+lx/R with th~ same boundary conditions as before, see eq. (2.14). With regard to the numerical solution of these equations there remains one difficulty and this concerns the infinite extent of the region of interest, ~ > 0, 0 > 0. This difficulty will be removed in the next sections.
Transformation of the Infinite ~-Region
For the semi-infinite flat plate, i.e. R = 2r/o 2 = 0, the transformation (3.12) becomes the identity. and a reasonable spreading of/(1 over the whole interval 0<_ ~ < 1 is obtained. This is valid for R = 0. From the requirement that for R = oe the maximum again is reached at a=0.5, Veldman and Dijkstra [8] have determined the value of c~, introduced in eq. (3.11), to be e=~. It was expected that with this value ofc~ a reasonable spreading of/~ ~ over 0_< o-_< 1 for every Reynolds number should be obtained and this has been verified a posteriori from the numerical results.
Treatment of the q-Coordinate
After application of the transformation (4.1) to the infinite quarter plane ~ > 0, 0 > 0, we obtain the strip (0 < or__< 1, 0 > 0) in the (a, 0)-plane, see fig. 1 . We now follow the approach of Botta and Dijkstra [2] for the treatment of the q-coordinate. The modified vorticity/(1 (~, 4) decays exponentially with 0--0% see e.g. Stewartson [10] or Chang [11] . A rigorous investigation of the exponential decay of vorticity for viscous flow around afinite body has been given by Clark [12] . This exponential behaviour is completely in agreement with the numerical results of van de Vooren and Dijkstra [1] for the case of the flat plate. It appeared that we can safely put/< l = 0 for 0 > 5. In fact the numerical values of /s for 0--5 have the order of 10-7 as compared with the magnitude of unity at the wall 0 = 0. It is inferred that we may take (numerically) / I(L 0)= 0, 4_->5. Thus we are led to a division of the infinite strip (0__< aN 1, 0 >0) into two parts namely an outer potential region (0 < o-< 1, 0 > 5) and an inner viscous region (0__< o-< 1, 0__< 0 < 5). In the potential region the equation (5.1) applies, whereas in the viscous region the full equations (3.13) must be used. For the configuration see fig. 1 . Following Botta and Dijkstra [2] , the inner region where 0 runs from 0 to 5 has been normalized to the region 0 < z <__ 1 so that the final form of the viscous region becomes the square This transformation leads to more mesh points in the neighbourhood of the wall than when 0 = 5r is used. Moreover (5.2) yields a better spreading of the solution. For a detailed argument see Botta and Dijkstra [2] . Note that the singular transformation used by van de Vooren and Dijkstra [1] , and later, by Davis [5] has been discarded, since the mapping (5.2) is only applied to the region 0< 0 < 5. For the infinite region 0 >-5 Botta and Dijkstra [2] have developed a special procedure, namely the Green's function approach as discussed in sect. 7. As for the viscous region 0 < 5 the final set of differential equations for g'l and/(1 has been obtained after applying the transformations (4.1) and (5.2) to (3.13) viz. This equation was used by van de Vooren and Dijkstra [1] . However, in the present investigation the following equation is employed
This formula is an order higher and produces more accurate results.
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The second complication concerns the computation of the stream function ~1 along the upper side ~ = 1 of the viscous region (see fig. 1 ). To overcome this difficulty we suppose that a n th approximation for ~Pl along r = 1 (or 9 = 5) has been obtained so far. Then the problem for 9 > 5 reduces to a potential problem, see eq. (5.1). The solution of this problem can be given with the aid of the Green's function for the quarter plane, as will be discussed in sect. 7. Hence we can calculate the value of ~") along a line 9 = 5 + Ag, which makes it possible to find the (n + 1) th approximation of ~ 1 along 9 = 5 with the difference equation for ~' 1 as it follows from the first eq. (5.3) with/(1 =0. Thus it is seen that the only calculations which are performed in the potential region (9 >5) are those along a line 9=5+A9. The boundary conditions at infinity and along the 9-axis are satisfied automatically due to the use of the Green's function (see sect. 7).
The system of difference equations has been solved by means of the successive line relaxation method. In the case of/(~ the line iteration is performed with lines z-=constant, since exact boundary conditions at a = 0 and a = 1 are known. The computation is started along the line = 1 -h, then 9 = 1 -2h etc., since the values of/(1 along the line r = 1 are prescribed, whereas the values at the wall are unknown. As for ~ ~ the line iteration has been performed using lines a--constant, since in this case the best convergence is obtained. Because of the parabolic nature of the Navier-Stokes equations for large values of ~ (a--, 1), the calculations for ~'1 are started along the line a = h.
When this method is used it appears that the convergence is 20 to 40 times as fast as in the case of the point-Jacobi iteration used in [1~. Partly this improvement is due to the fact that the relaxation factor co can be raised from co = 89 formerly until almost unity in the present work. For co > 1 the iteration becomes unstable.
The Green's Function Approach for the Treatment of the Potential Region
In this section we present, in terms of the Green's function, the solution in the potential region. The problem may be formulated as follows (cf. fig. 1) 
(i) 5<9<oo ]
(ii) ~P~")(0, 9)= 0, ] (7.1) (iii) ~P(~")(~, 9)is prescribed along 9 = 5, (iv) ~P~")(~, 9) ~ 0 if r = x/~ + 9 2 ~ oo.
Here ~(~") is the n th-approximation to the stream function ~1 and A is the Laplacian. For simplicity we introduce the following notation
~'(1 ") (~, 9) --(To (2,/t) where 2 + i# = ~ + i(9 -5). (7.2)
In terms of the new variables the solution of the Dirichlet problem (7.1) is given by
where G (~) is the Green's function of the first kind for the quarter plane 2 >0, g >0 and d/On means differentiation in the outward normal direction. The point Q runs along the boundary C of the quarter plane, while P= (2, #) is an interior point. The function G (1) can be obtained with the aid of conformal mapping from the upper half plane (where G {t) is well-known) onto the quarter plane, see Botta and Dijkstra [2] . The result is 1 w2-w 2 G{1)(P, Q) = ~ Re log w2_ w,2, Re (w) and Im (w) => 0 where P = (3,/~), Q = ().~, #1), w = )~+ ip and w x =)~1 + i/q. The star * denotes the conjugate complex quantity and Re resp. Im stands for "real part off resp. "imaginary part of'. Inserting 72
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of the Green's function into (7.3) and using the boundary conditions (ii) and (iv) from eq. This expression solves the problem (7.1) in terms of the variables (7.2). In the analysis given above it has been assumed that P is an interior point, i.e. 2, # > 0. If the point P moves to the boundary # = 0 then the integrand becomes singular at the point 2~ = 2, # = 0. Numerically this means that an accurate computation of the integral (7.4) becomes difficult if the point P is close to the path of integration #=0. The difficulty is due to the fact that the function ~0(Q) is only given in discrete mesh points along #= 0, i.e. 0--5. As a way out for this problem quadratic interpolation of the slowly varying function (p (Q) has been used in order to be able to produce enough function values in the immediate neighbourhood of the (almost) singular point 21 =2. In this way a very accurate numerical procedure for integrals of the form (7.4) has been developed by Botta and Dijkstra. For the details see [2] . Using this method we obtain a better numerical approximation to the flow field at a large distance from the nose than when using van de Vooren and Dijkstra's discrete approach ]-1]. This is mainly due to the fact that the infinite region r and ,7-+ oo is now better represented by means of the Green's function. In addition the (singular) ,7 transformation used in [1] becomes superfluous (cf. sect. 5).
Expressions for Pressure and Skin Friction
If p denotes the density, q the dimensional velocity and p* the dimensional pressure, then the Navier-Stokes equations can be written as 
0=0 (8.3)
where the non-dimensional pressure P is defined as
pug Using (2.11) and (2.12) we obtain for the directional derivative of the pressure along the surface of the parabola the result Use has been made of the fact that f'" (0) = 0 The pressure P can be found by integration of eq. (8.5), starting at ~ equals infinity and integrating backward along the parabola surface. The quantity K1, being the modified vorticity, is known as a result of the computations described in sect. 6.
The pressure drag, i.e. the force in x-direction on the parabola caused by the pressure, can be written as /i, sin Ods'
where 0 is the slope of the parabola and s the curvilinear distance from the top along the parabola. Now, we will regard the skin friction at the parabola. When r denotes the shear stress, the local coefficient of the skin friction is given by r 2v 2 This formula can be obtained also by putting #1 =0 into eq. (3.5) and using eqs. (3.6), (3.7), (3.9) and (2.12).
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Application of the Momentum Theorem
By means of an application of the momentum theorem to the flat plate, Imai [6] obtained the result
It is the purpose of this section to generalize this result to the case of the parabolic cylinder where t/o ~ 0.
We consider a contour D in the upper half of the (x, y)-plane. The contour consists of a circular arc C with centre at the origin, a part of the negative x-axis denoted by A and the part B which lies at the parabola surface (see fig. 2 ). The outward unit normal vector at the contour is given by n and by t we denote the tangential unit vector which corresponds with a counter clockwise rotation.
Integrating the Navier-Stokes equations (8.1) over the region a inside the contour D, we obtain ((
where all quantities are dimensional. Using the fact that div q = 0 we obtain after an application of Gauss' theorem fDpqq, ds=-fDp*nds-foztds (9.2) where q, = q' n, s is the arc length and z is given by zt = vpn x rot q = pU2oFt where t x and nx are the x-components oft and n. The integrations along A (see fig. 2 ) have been omitted since q, = F = nx= 0 along the negative x-axis. Moreover in the left-hand side the integration along B has been suppressed since the velocity q vanishes at the wall. If p* denotes the pressure at infinity then, obviously f~+c p*nxds = fB+c p* dy=O.
Combining this with (9.4) we obtain fc puq,ds+ ~c (p*-p*)n~ds+ fc zt~ds=-j;z cos Ods-fn (P*-P*)sin Ods (9.5) where 0 denotes the slope of the parabola surface. With the aid of eqs. (8.4) , (8.6 ) and (8.11) the right-hand side is seen to be equal to -(Df + De)~2.
Next, we non-dimensionalize the coordinates by v/Uo, the velocities by Uo, the pressure by pU 2 and the drag coefficients by pvUo. In the non-dimensional plane we use the parabolic coordinates (r ;7), see eq. (2.5). In addition we introduce polar coordinates by means of (r + #/)2 = r e ie .
(9.6) Using (9.3) the non-dimensional form of eq. (9.5) becomes fc@,dg + fcP COsrpdg -fc F sin gdg= -89 +Cov) (9.7) where barred symbols are non-dimensional, P is the non-dimensional pressure (8.4) and the coefficients Cos and CDp are defined in eqs. (8.12) and (8.7). It is our intention to derive an asymptotic approximation for eq. (9.7) as r-+ ~. To this end we divide the circular arc C in fig. 2 into three parts. The part C1 runs from R to Q where R lies at the parabola 0=0 and Q at the curve 0 = 89 the latter being the displacement parabola. The part C2 runs from Q to P where the 0-coordinate of P is supposed to be 0 (r ') where e is small but positive. The parameter e has been introduced in order to handle the matching region where viscous flow merges into potential flow. The region Ca w C2 will be termed "boundary layer" and P is considered as the edge of the "boundary layer". Finally the rest of the arc C from P to the negative x-axis will be called C3. In the "boundary layer" C1 w C2 we have the following estimates, using (9.6), (2.7) and (2. Since the vorticity F is exponentially small outside the "boundary layer" we obtain using (9.8) for the contribution of the third integral in eq. (9.7) the estimate F sin (p d~ = F sin q> d~ + exp = 0 (r 2'-~) (9.9) lk)C2
exp denoting exponentially small terms. Next we consider the velocity and the pressure term in (9.7). Outside the "boundary layer", i.e. along C 3, the flow is inviscid. Hence we write I = @,d~ + P cos cpdg = = j; (~lqn)ids-~-fcP, Cosq, fc fc P cosq, (9.10, is known to be constant (in first order). Hence we can identify (to first order) the pressure with the pressure at the point P, which is of the order O(r~-l). For a detailed computation see Veldman and Dijkstra [8] . Using (9.8) we infer that the last integral in (9.10) is of the order O (rZ'-~- where, along C 2, the pressure P/is defined to be the analytical continuation of the external pressure Pi. Hence the equation ( (9.14) Note that the difference between eqs. (9.14) and (9.13) is equal to the momentum thickness.
Inserting the estimates (9.9) until and including (9.14) into (9.7) yields which agrees with Imai's result (9.1) for the fiat plate t/o = 0. Physically, this result means that the sum of pressure drag and modified friction drag is precisely equal to the (inviscid) drag of the displacement parabola q =t/o +fl/2.
Numerical Results
For the case of the flat plate (R = 0) calculations have been performed for i 1 h = ~, ~ and ~o, whereas the solution for the parabola has been evaluated for h =~o, ~o and ~o. Thus it is seen that the fiat plate solution has been computed to a higher accuracy than the other cases. This has been done because it concerns one single case of Reynolds number, which is of particular interest. The numerical results for the flat plate of the present investigation are the same as those obtained by van de Vooren and Dijkstra [1] , though the accuracy is somewhat higher. For a detailed description of the improvements of the present numerical solution as compared with the original investigation of van de Vooren and Dijkstra we refer to Botta and Dijkstra [2] . Also in the latter report additional results for the flat plate can be found e.g. stream lines and equi-vorticity lines.
As for the present paper we confine ourselves to the results for the parabola. The flow field past the parabola has been computed for the following values of the Reynolds number R = Vo a/v : R: lo", n: -1(1)5.
These values have been chosen such that they are representative for the entire range 0 < R < ~.
I0.1 Local skin Friction
The coefficient of skin friction cy is given by eq. (8.10) in terms of the modified vorticity KI. The results for the quantity (42 +q~)er/~ are presented in the limit r in table 1 and fig. 3 . The results are compared with the values obtained by Davis [5] and those of Dennis and Walsh [13] . Also for large Reynolds number R, a comparison has been made with Van Dyke's second order boundary layer results. This analytical approximation is given by (see Van Dyke In table 2 and fig. 4 the local skin friction for ~ > 0 has been presented.
Friction drag
The friction drag CDs({) has been defined in eq. (8.12) . Since the total friction drag is the most interesting quantity, we consider, at r equals infinity, the modified friction drag CDf(oe ) defined in eq. (8.15). The integral involved has been computed by numerical integration in the (a, -@plane, viz. The results for Col (oo) are presented in table 3, together with the values found by Davis [-5-] . The values have been divided by 1 + x/R, in order to keep them of order unity for both small and large values of R.
Pressure and Pressure Drag
The pressure P at the wall has been computed according to eq. (8.5) by numerical integration, using Simpson's rule. The results have been presented in table 4 and in graphical form in TABLE 4 The pressure P(~, 0) at the parabola surface for several Reynolds numbers R. 
